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ABSTRACT
We extend the method of PST formulation to find a systematic way to covariantize
several non-covariant Lagrangians of self-dual gauge fields. We derive in detail the
necessary basic formulas which are used to prove the existence of extra local symmetry
that allows us to gauge fix the auxiliary fields therein and non-covariant formulations
are restored. We see that, the extra local symmetry in the PST and PSST formulations,
which describe the covariant Lagrangians in the 6D decomposition of 6 = 1 + 5 and
6 = 3 + 3 respectively, can be expressed as a simple linear form in the field strength.
However, although in this paper we have found the covariant Lagrangians in the other
decomposition of 6 = 2 + 4, the extra local symmetry of the gauge field cannot be
expressed as a simple linear form in the field strength. We present a no-go theorem
to prove this specific property. We also find other covariant Lagrangians with more
complex decomposition of spacetime.
*E-mail: whhwung@mail.ncku.edu.tw
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1 Introduction
The gauge fields whose field strength is self-dual are called chiral p-form fields. Such
fields exist only if p = 2n (n = 0, 1, . . .) and the possible spacetime dimension is D
= 2(p + 1). It is known that the chiral p-form play a central role in supergravity and
in string theory and M-theory five-branes [1].
Marcus and Schwarz [2] are first to see that manifest duality and spacetime covari-
ance do not like to live in harmony with each other in Lagrangian description of chiral
bosons. Historically, the non-manifestly spacetime covariant of 0-form was proposed
by Floreanini and Jackiw [3], which is then generalized to p-form by Henneaux and
Teitelboim [4]. The field strength of chiral p-form A1···p they used splits into electric
density E i1···ip+1 and magnetic density Bi1···ip+1:
Ei1···ip+1 ≡ Fi1···ip+1 ≡ ∂[i1Ai2···ip+1] (1.1)
2
Bi1···ip+1 ≡
1
(p+ 1)!
ǫi1···i2p+2Fip+2···i2p+2 ≡ F˜
i1···ip+1 (1.2)
in which F˜ is the dual form of F . The Lagrangian is described by
LHJ =
1
p!
F˜i1···ip+1(F
i1···ip+1 − F˜ i1···ip+1) (1.3)
Above action lead to second class constraints and complicates the quantization proce-
dure.
Siegel in [5] proposed a manifestly spacetime covariant action of chiral p-form mod-
els by squaring the second-class constraints and introducing Lagrange multipliers λab
into the action. The Lagrangian of chiral 2 form is described by
LSiegel = −
1
12
FabcF
abc +
1
4
λabF
acdF bcd (1.4)
in which we define
F ≡ F − F˜ (1.5)
Siegel action, however, does not have enough local symmetry to completely gauge the
Lagrange multipliers away and suffers from anomaly of gauge symmetry.
Pasti, Sorokin and Tonin in 1995 constructed a Lorentz covariant formulation of
chiral p-forms in D = 2(p+1) dimensions that contains a finite number of auxiliary
fields in a non-polynomial way [6,7]. For example, 6D PST Lagrangian is
LPST = −
1
6
FabcF
abc +
1
(∂qa∂qa)
∂ma(x)FmnlF
nlr∂ra(x) (1.6)
in which a(x) is the auxiliary field. In the gauge ∂ra = δ
1
r the PST formulation reduces
to the non-manifestly covariant formulation [3,4].
Recently, a new non-covariant Lagrangian formulation of a chiral 2-form gauge field
in 6D, called as (3+3) decomposition, was derived in [8] from the Bagger-Lambert-
Gustavsson (BLG) model [9]. The covariant formulation of the associated Lagrangian
is constructed by PSST in [10], with the use of a triplet of auxiliary scalar fields.
Later, a general non-covariant Lagrangian formulation of self-dual gauge Theories
in diverse dimensions was constructed [11]. In this general formulation the (2+4)
decomposition of Lagrangian is found. In [12] we had also constructed a new kind
of non-covariant actions of self-dual 2-form gauge theory in the decomposition of 6 =
D1+D2+D3. We also furthermore found the most general formulation of non-covariant
Lagrangian of self-dual gauge theory in [13]. In these paper the self-dual property of
3
the general Lagrangian is proved in detail and it also shows that the new non-covariant
actions give field equations with 6d Lorentz invariance.
Up to now, the PST covariant Lagrangian of self-dual gauge fields had only been
constructed in the formulations of decomposition of 6 = 1 + 5 [6,7] and 6 = 3 + 3 [10].
In this paper we will find a simple prescription which can be easily extended to other
non-covariant Lagrangian with more complex decomposition of spacetime.
In section 2, we first review the PST covariant Lagrangian [6,7], which essentially
is to covariantize the non-covariant Lagrangian in the decomposition of 6D spacetime
into 6 = 1 + 5. In section 3, we covariantize the non-covariant Lagrangian in the
decomposition of spacetime into 6 = 2+4 [11]. After searching the possible formulation
of the associated extra local symmetry we conclude that the extra local symmetry of the
two-form gauge field cannot be expressed as a simple linear form in the field strength,
contrasts to the previous case.
In section 4, we derive several useful formulas and use them to covariantize the
non-covariant Lagrangian in the decomposition of spacetime into 6 = 3 + 3 [10]. We
compare our formulation with PSST formulation and discuss the reason of why in the
decomposition of 6 = 2+4 the extra local symmetry of the two-form gauge field cannot
be expressed as a simple linear form in the field strength, contrasts to the PST and
PSST cases.
In section 5, we describe a simple rule from above study and argue that the method
can be used to find the covariant Lagrangian associated to the generally non-covariant
self-dual gauge field [13]. As mor examples we also find the Lagrangians in the decom-
positions of spacetime into 6 = 1+1+4 and 6 = 1+2+3 [12]. Last section is devoted
to a short conclusion.
2 PST Covariant Lagrangian in Decomposition:
6 = 1 + 5
In the (1+5) decomposition the spacetime index µ = (1, · · ·, 6) is decomposed as
µ = (1, a˙), with a˙ = (2, · · ·, 6). The non-covariant Lagrangian is expressed as [4]
L1+5 = −
1
4
F˜1a˙b˙(F
1a˙b˙ − F˜ 1a˙b˙) (2.1)
We describe the procedure of obtaining the PST covariant Lagrangian in following
three steps [6,7].
• First step: We note that
F˜1a˙b˙(F
1a˙b˙ − F˜ 1a˙b˙) = −F1a˙b˙F
1a˙b˙ + F1a˙b˙(F
1a˙b˙ − F˜ 1a˙b˙)
4
= −F1a˙b˙F
1a˙b˙ +
1
3
FµνλF
µνλ −
1
3
FabcF
abc − F1a˙b˙F˜
1a˙b˙
= −F1a˙b˙F
1a˙b˙ +
1
3
FµνλF
µνλ + F˜1a˙b˙F˜
1a˙b˙ − F1a˙b˙F˜
1a˙b˙
= −F1a˙b˙F
1a˙b˙ +
1
3
FµνλF
µνλ − F˜1a˙b˙(F
1a˙b˙ − F˜ 1a˙b˙) (2.2)
Thus
F1a˙b˙(F
1a˙b˙ − F˜ 1a˙b˙) =
1
2
(
− F1a˙b˙F
1a˙b˙ +
1
3
FµνλF
µνλ
)
(2.3)
and Lagrangian we can be expressed as
L1+5 = −
1
24
(
FµνλF
µνλ − 3F1a˙b˙F
1a˙b˙
)
(2.4)
• Second step : We define two projection operators
P λµ P
ν
λ = P
ν
µ , Π
λ
µ Π
ν
λ = Π
ν
µ , P
λ
µ +Π
ν
µ = δ
ν
µ (2.5)
in which P νµ is used to project direction “1” while Π
ν
µ is used to project direction “a˙”.
The projection operator P νµ is described by
P νµ =
∂µa ∂
νa
(∂a)2
(2.6)
in which a(r) is an auxiliary field. Using above projection operator the covariant
Lagrangian is expressed as
LPST1+5 = −
1
24
(
FµνλF
µνλ − 3Fµνλ · P
µ
α · Π
ν
β · Π
λ
γ · F
αβγ
)
= −
1
24
(
FµνλF
µνλ − 3Fµνλ · P
µ
α · (δ
ν
β − P
ν
β ) · (δ
λ
γ − P
λ
γ ) · F
αβγ
)
= −
1
24
(
FµνλF
µνλ − 3Fµνλ · P
µ
α · F
ανλ
)
(2.7)
as Fµνλ · P
µ
αP
ν
β δ
λ
γ · F
αβγ = Fµνλ · P
µ
αP
ν
βP
λ
γ · F
αβγ = 0.
• Third step : As shown in PST [6,7] there are following three useful equations
δ
δAαβ
∫
d6xF µνλFµνλ = 3ǫ
αβγµνλ(∂µa)(∂γF¯
(a)
νλ )− 18∂γ
(
P [αµ F
βγ]µ
)
(2.8)
δ
δAαβ
∫
d6xFµνρP σρ Fµνσ = −ǫ
αβγµνλ(∂µa)(∂γF¯
(a)
νλ )− 6∂γ
(
P [αµ F
βγ]µ
)
(2.9)
δ
δa
∫
d6xFµνρP σρ Fµνσ = 2ǫ
αβγµνλF¯
(a)
αβ (∂γF¯
(a)
νλ )(∂µa) (2.10)
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in which
F¯ (a)µν ≡ Fµνρ
∂ρa
(∂a)2
(2.11)
Using above three equations the variation with respect to the associated action becomes
δSPST1+5 = −
1
24
[
6ǫαβγµνλ(∂µa)(∂γF¯
(a)
νλ ) δAαβ − 6ǫ
αβγµνλF¯
(a)
αβ (∂γF¯
(a)
νλ )(∂µa) δa
]
(2.12)
and we have the extra local symmetry
δa = φ (2.13)
δAαβ = φ F¯
(a)
αβ (2.14)
in which φ is an arbitrary function. As this Lagrangian has sufficient local symmetry
it allows us to gauge fix the projection operators to become the constant matrices [7,8]
P νµ =

 1 0
0 0

 , Π νµ =

 0 0
0 δb˙a˙

 , a˙ = 2, 3, 4, 5, 6. (2.15)
In this gauge LPST1+5 = L1+5.
From 0 =
δLPST
1+5
δAab
we can find the field equation of 2-form field Aab:
0 =
∂ρa√
−(∂a)2
Fµνρ ⇒
∂ρa√
−(∂a)2
Fµνρ =
∂ρa√
−(∂a)2
F˜µνρ (2.16)
Above equation is the self-duality condition in the covariant form. Because that after
the gauge-fixing we can get F1a˙b˙ = F˜1a˙b˙, which is the self-duality in the non-covariant
formulation [4].
3 Covariant Lagrangian in Decomposition: 6 = 2+4
3.1 Covariant Lagrangian
In the (2+4) decomposition of 2-form Lagrangian in [11], the spacetime index A is
decomposed as A = (a, a˙), with a = (1, 2) and a˙ = (3, · · ·, 6). The non-covariant
Lagrangian is expressed as [11]
L2+4 = −
3
4
[
F˜aba˙(F
aba˙ − F˜ aba˙) +
1
2
F˜aa˙b˙(F
aa˙b˙ − F˜ aa˙b˙)
]
(3.1)
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To obtain the covariant form we first note the following relation
F˜aba˙(F
aba˙ − F˜ aba˙) +
1
2
F˜aa˙b˙(F
aa˙b˙ − F˜ aa˙b˙)
= −Faba˙F
aba˙ −
1
2
Faa˙b˙F
aa˙b˙ + Faba˙(F
aba˙ − F˜ aba˙) +
1
2
Faa˙b˙(F
aa˙b˙ − F˜ aa˙b˙)
= −Faba˙F
aba˙ −
1
2
Faa˙b˙F
aa˙b˙ +
1
3
FµνλF
µνλ −
[
F˜aba˙(F
aba˙ − F˜ aba˙) +
1
2
F˜aa˙b˙(F
aa˙b˙ − F˜ aa˙b˙)
]
(3.2)
which implies
F˜aba˙(F
aba˙ − F˜ aba˙) +
1
2
F˜aa˙b˙(F
aa˙b˙ − F˜ aa˙b˙) =
1
2
(
−Faba˙F
aba˙ −
1
2
Faa˙b˙F
aa˙b˙ +
1
3
FµνλF
µνλ
)
(3.3)
and we can write L2+4 as
L2+4 = −
1
16
(
2FµνλF
µνλ − 6Faba˙F
aba˙ − 3Faa˙b˙F
aa˙b˙
)
(3.4)
To find the covariant form we will rewrite it in a more explicit form (as “a=1,2”)
L2+4 = −
1
16
(
2FµνλF
µνλ − 12F12a˙F
12a˙ − 3F1a˙b˙F
1a˙b˙ − 3F2a˙b˙F
2a˙b˙
)
(3.5)
We now introduce two independent projection operators
P αµ =
∂µa∂
αa
(∂a)2
(3.6)
Q αµ =
∂µb∂
αb
(∂b)2
(3.7)
Π αµ = δ
α
µ − P
α
µ −Q
α
µ (3.8)
where a, b are auxiliary fields. Operators P and Q are used to project direction “1”
and “2” respectively.
The covariant Lagrangian we find is described by
LCov2+4 ≡ −
1
16
(
2FµνλF
µνλ − 12Fµνλ · P
µ
αQ
ν
βΠ
λ
γ · F
αβγ − 3Fµνλ · P
µ
αΠ
ν
βΠ
λ
γ · F
αβγ
− 3Fµνλ ·Q
µ
αΠ
ν
βΠ
λ
γ · F
αβγ
)
= −
1
16
[(
FµνλF
µνλ − 3Fµνλ · P
λ
γ · F
µνγ
)
+
(
FµνλF
µνλ − 3Fµνλ ·Q
λ
γ · F
µνγ
)]
(3.9)
Surprisingly, above relation looks like as two kind of that in decomposition 6 = 1 + 5.
Thus, the variation with respect to the associated action gives
δSCov2+4 = −
1
16
[
6ǫαβγµνλ(∂µa)(∂γF¯
(a)
νλ ) δAαβ − 6ǫ
αβγµνλF¯
(a)
αβ (∂γF¯
(a)
νλ )(∂µa) δa
+ 6ǫαβγµνλ(∂µb)(∂γF¯
(b)
νλ ) δAαβ − 6ǫ
αβγµνλF¯
(b)
αβ (∂γF¯
(b)
νλ )(∂µb) δb
]
(3.10)
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in which
F¯ (a)µν ≡ Fµνρ
∂ρa
(∂a)2
, F (b)µν ≡ Fµνρ
∂ρb
(∂b)2
(3.11)
Now, we go to final step. If we consider a local symmetry
δa = φ, δb = χ (3.12)
in which φ and χ are arbitrary functions, then the condition of δLPST2+4 = 0 is
∑
αβ
δAαβ
[ ∑
γµνλ
ǫαβγµνλ[(∂µa)(∂γF¯
(a)
νλ ) + (∂µb) (∂γF¯
(b)
νλ )]
]
=
∑
αβ
[ ∑
γµνλ
ǫαβγµνλ[F¯
(a)
αβ (∂γF¯
(a)
νλ )(∂µa) φ+ F¯
(b)
αβ (∂γF¯
(b)
νλ )(∂µb) χ]
]
(3.13)
Our remaining work is to find the solution of δAαβ in above equation. The solution
corresponds to the exist of the extra local symmetry which enables us to restore it to
the original non-covariant Lagrangian, as that in 6=1+5 case.
3.2 No-Go Theorem
In this subsection we will search the possible formulation of the solution. From eq.(3.13)
we see that δAαβ shall be linear in the field strength Fµνρ. But this does not guarantee
that δAαβ is a simple linear function of the field strength Fµνρ. For example, it may be
that δAαβ ∼
FαµνF
µν
β
ǫijkmnp∂iFikm∂na∂pb
. However, in below we will show that the simple linear
in F could not satisfy the equation (3.13).
To proceed it is useful to note that there are only 3 tensors which can be used to
construct the solution : Fijk, ∂αa and ∂αb. We need not ∂γFijk, ∂γ∂αa nor ∂γ∂αb and
more derivative terms, as they can not produce the left-hand side of (3.13).
Now, assuming that δAαβ is linear in field strength Fµνρ, then there are only fol-
lowing three possible formulations:
The first possible formulation is that the indices α and β appear in Fαβρ and
δAαβ = C1φF¯
(a)
αβ + C2φF¯
(b)
αβ (3.14)
in which Ci are constructed from (∂a)
2 or (∂b)2. (We consider possible terms that
could produce φ term in (3.13). That produces χ term can be investigate in a similar
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way.) However, in this case
ǫαβγµνλδAαβ
[
(∂µa)(∂γF¯
(a)
νλ ) + (∂µb) (∂γF¯
(b)
νλ )
]
= ǫαβγµνλ(C1φF¯
(a)
αβ + C2φF¯
(b)
αβ )
[
(∂µa)(∂γF¯
(a)
νλ ) + (∂µb) (∂γF¯
(b)
νλ )
]
= C1ǫ
αβγµνλφF¯
(a)
αβ (∂µa)(∂γF¯
(a)
νλ ) + C1ǫ
αβγµνλφF¯
(a)
αβ (∂µb)(∂γF¯
(b)
νλ )
+C2ǫ
αβγµνλφF¯
(b)
αβ (∂µa)(∂γF¯
(a)
νλ ) + C2ǫ
αβγµνλφF¯
(b)
αβ (∂µb)(∂γF¯
(b)
νλ ) (3.15)
and it is easy to see that no matter what the values of C1 and C2 are it can not produce
the φ term in (3.13).
The second possible formulation is that only one indices α appears in Fαij and
δAαβ = C1φF¯
(a)
αk ∂
kb∂βa+ C2φF¯
(a)
αk ∂
kb∂βb+ C3φF¯
(b)
αk ∂
ka∂βa+ C4φF¯
(a)
αk ∂
ka∂βb (3.16)
However, in this case (note that F
(a)
αk ∂
ka = 0.)
ǫαβγµνλδAαβ
[
(∂µa)(∂γF¯
(a)
νλ ) + (∂µb) (∂γF¯
(b)
νλ )
]
= ǫαβγµνλ(C1φF¯
(a)
αk ∂
kb∂βa+ C2φF¯
(a)
αk ∂
kb∂βb+ C3φF¯
(b)
αk ∂
ka∂βa + C4φF¯
(a)
αk ∂
ka∂βb)
×
[
(∂µa)(∂γF¯
(a)
νλ ) + (∂µb) (∂γF¯
(b)
νλ )
]
= ǫαβγµνλ(C1φF¯
(a)
αk ∂
kb∂βa+ C3φF¯
(b)
αk ∂
ka∂βa)
[
(∂µb) (∂γF¯
(b)
νλ )
]
+ǫαβγµνλ(C2φF¯
(a)
αk ∂
kb∂βb++C4φF¯
(a)
αk ∂
ka∂βb)
[
(∂µa)(∂γF¯
(a)
νλ )
]
(3.17)
and it is easy to see that no matter what the values of Ci are it can not produce the φ
term in (3.13).
The third possible formulation is that the indices α and β do not appear in Fijk. In
this case we have to use ∂ia∂ja∂ka, ∂ia∂ja∂kb, ∂ia∂jb∂kb or ∂ib∂jb∂kb to contract the
indices ijk in Fijk. However, because Fijk is a total antisymmetry tensor such contract
becomes zero.
Thus, we conclude that the extra local symmetry of the two-form gauge field cannot
be expressed as a simple linear form in the field strength, contrasts to the previous case.
3.3 Solution
To find the solution of (3.13) we first rewrite it as
∑
αβ
δAαβ(M
(a)αβ +N (b)αβ) =
∑
αβ
F¯
(a)
αβ M
(a)αβφ+
∑
αβ
F¯
(c)
αβN
(b)αβχ (3.18)
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in which
M (a)αβ = ǫαβγµνλ[(∂µa)(∂γF¯
(a)
νλ )] (3.19)
N (b)αβ = ǫαβγµνλ[(∂µb) (∂γF¯
(b)
νλ )] (3.20)
Note that we have explicitly write the summation
∑
αβ.
Although the solution is that after the summation in (3.18) we can let each term
of indices αβ in left-hand is equal to that in right-hand side, i.e.
δAαβ(M
(a)αβ +N (b)αβ) = F¯
(a)
αβ M
(a)αβφ+ F¯
(c)
αβN
(b)αβχ (3.21)
in which we do not sum over the indices α and β. In this case, it has the solution
(no summation over the indices α and β)
δAαβ =
F¯
(a)
αβ M
(a)αβφ+ F¯
(c)
αβN
(b)αβχ
M (a)αβ +N (b)αβ
, (3.22)
It is easy to see that, even if if M (a)αβ +N (b)αβ = 0 we can have the regular solution
δAαβ = F
(a)
αβ φ− F¯
(c)
αβ χ (3.23)
and the above solution is well defined.
Thus the Lagrangian LCov2+4 has sufficient local symmetry which allows us to gauge
fix the projection operators to becomes the constant matrices
P νµ = diagonal(1, 0, 0, 0, 0, 0) (3.24)
Q νµ = diagonal(0, 1, 0, 0, 0, 0) (3.25)
Π νµ = diagonal(0, 0, 1, 1, 1, 1) (3.26)
In this gauge LCov2+4 = L2+4.
From 0 =
δLCov
2+4
δAab
we can find the field equation of 2-form field Aab:
0 = ∂µa F¯
(a)
νλ + ∂µb F¯
(b)
νλ ⇒ 0 =
∂µa∂
ρa
(∂a)2
Fνλρ +
∂µb∂
ρb
(∂b)2
Fνλρ (3.27)
Above equation is the self-duality condition in the covariant form. Because that after
the gauge-fixing we can get Faa˙b˙ = F˜aa˙b˙ and Faba˙ = F˜aba˙, which are the self-duality in
the non-covariant formulation [11].
In the next section we briefly review the PSST Covariant Lagrangian [10] in decom-
position: 6 = 3 + 3. We will see the reason of why in the decomposition of 6 = 2 + 4
the extra local symmetry of the two-form gauge field cannot be expressed as a simple
linear form in the field strength.
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4 PSST Covariant Lagrangian in Decomposition:
6 = 3 + 3
4.1 Basic Formulation
In the (3+3) decomposition [8] the spacetime index µ is decomposed as µ = (a, a˙),
with a = (1, 2, 3) and a˙ = (4, 5, 6). The non-covariant Lagrangian can be expressed as
L3+3 = −
1
4
[
F˜abc(F
abc − F˜ abc) + 3F˜aba˙(F
aba˙ − F˜ aba˙)
]
(4.1)
To obtain the covariant form we first note the following relation
F˜abc(F
abc − F˜ abc) + 3F˜aba˙(F
aba˙ − F˜ aba˙)
= −FabcF
abc − 3Faba˙F
aba˙ + Fabc(F
abc − F˜ abc) + 3Faba˙(F
aba˙ − F˜ aba˙)
= −FabcF
abc − 3Faba˙F
aba˙ + FµνλF
µνλ − Fa˙b˙c˙F
a˙b˙c˙ − 3Faa˙b˙F
aa˙b˙ − F abcF˜ abc − 3Faba˙F˜
aba˙
= −FabcF
abc − 3Faba˙F
aba˙ + FµνλF
µνλ + F˜abcF˜
abc + 3F˜aba˙F˜
aba˙ − F abcF˜ abc − 3Faba˙F˜
aba˙
= −FabcF
abc − 3Faba˙F
aba˙ + FµνλF
µνλ −
[
F˜abc(F
abc − F abc) + 3F˜aba˙(F
aba˙ − F˜ aba˙)
]
(4.2)
which implies
F˜abc(F
abc − F˜ abc) + 3F˜aba˙(F
aba˙ − F˜ aba˙) =
1
2
(
FµνλF
µνλ −FabcF
abc − 3Faba˙F
aba˙
)
(4.3)
and we can write L3+3 as
L3+3 = −
1
8
(
FµνλF
µνλ − FabcF
abc − 3Faba˙F
aba˙
)
(4.4)
Above Lagrangian is just that used by PSST in [10] to find the covariant form. In this
paper we will adopt another method to find the covariant form. Our method is just a
straightforward extending of the original PST method and can be easily extended to
study other Lagrangian.
We introduce three independent projection operators
P αµ =
∂µa∂
αa
(∂a)2
(4.5)
Q αµ =
∂µb∂
αb
(∂b)2
(4.6)
R αµ =
∂µc∂
αc
(∂c)2
(4.7)
Π αµ = δ
α
µ − P
α
µ −Q
α
µ − R
α
µ (4.8)
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where a, b and c are three auxiliary fields. The operators P , Q and R are used to
project direction “1”, “2” and “3” respectively.
The PSST Lagrangian can be described by
LPSST3+3 = −
1
8
(
FµνλF
µνλ − 6Fµνλ · P
µ
αQ
ν
βR
λ
γ · F
αβγ − 6Fµνλ · P
µ
αQ
ν
βΠ
λ
γ · F
αβγ
−6Fµνλ · P
µ
αR
ν
βΠ
λ
γ · F
αβγ − 6Fµνλ ·Q
µ
αR
ν
βΠ
λ
γ · F
αβγ
)
= −
1
8
(
FµνλF
µνλ − 6Fµνλ · P
ν
βQ
λ
γ · F
µβγ − 6Fµνλ · P
ν
βR
λ
γ · F
µβγ
−6Fµνλ ·R
ν
βQ
λ
γ · F
µβγ + 12Fµνλ · P
µ
αQ
ν
βR
λ
γ · F
αβγ
)
(4.9)
We now will variation above Lagrangian with respect to the Aαβ and three auxiliary
fields a, b and c.
4.2 Nine Equations
To proceed, we note that for the decompositions 6 = 1 + 5 and 6 = 2 + 4 we see
from LPST1+5 and L
PST
2+4 that there is at most only one project operator in the each term
of reduced covariant Lagrangian. However, for the decomposition 6 = 3 + 3 we see
from LPSST3+3 that there are two or three project operators in the each term of reduced
covariant Lagrangian. Thus we need furthermore relations.
We first note the three basic relations (all indices in the following are on 6D) which
are derive in appendix
Fabc = −
1
2
ǫabcdefPwd Fwef + 3P
[a
µ F
bc]µ (4.10)
Fabc = −ǫabcdefPwd Q
s
eFwsf + 3P
[a
µ F
bc]µ + 3Q[aµF
bc]µ − 6P [aµ Q
b
νF
c]µν (4.11)
Fabc = −ǫabcdefPwd Q
s
eR
t
fFwst + 3P
[a
µ F
bc]µ + 3Q[aµF
bc]µ + 3R[aµF
bc]µ
−6P [aµ Q
b
νF
c]µν − 6Q[aµR
b
νF
c]µν − 6R[aµ P
b
νF
c]µν + 6P [aµ Q
b
νR
c]
λF
µνλ (4.12)
To obtain above equations we have used the orthogonal condition between the different
projection operator, i.e P baQ
c
b = Q
b
aR
c
b = R
b
aP
c
b = 0.
• Equations 1 ∼ 3 : Using above three basic relations we have following three
equations
−
1
6
δ
δAab
∫
d6xF µνλFµνλ = ∂cF
abc = ∂cF
abc
= −
1
2
ǫabcdef∂c
(
Pwd Fwef
)
+ 3∂c
(
P [aµ F
bc]µ
)
(4.13)
= −ǫabcdef∂c
(
Pwd Q
s
eFwsf
)
+ ∂c(3P
[a
µ F
bc]µ + 3Q[aµF
bc]µ
12
−6P [aµ Q
b
νF
c]µν) (4.14)
= −ǫabcdef∂c
(
Pwd Q
s
eFwsf
)
+ ∂c(3P
[a
µ F
bc]µ + 3Q[aµF
bc]µ
+3R[aµF
bc]µ − 6P [aµ Q
b
νF
c]µν − 6Q[aµR
b
νF
c]µν
−6R[aµ P
b
νF
c]µν + 6P [aµ Q
b
νR
c]
λF
µνλ
)
(4.15)
Notice that the variation of F µνλFµνλ with respect Aαβ have three different forms. This
property plays the crucial role in the following investigation.
• Equations 4 ∼ 6 : We can also use above three basic relations to derive the following
equations
1
2
δ
δa
∫
d6xFµνρP
ρ
λF
µνλ = −∂λ
[
Fµνρ
∂ρa
(∂a)2
Fµνλ
]
+ ∂s
[
FµνρP
ρ
λ
∂sa
(∂a)2
Fµνλ
]
= −∂λ
[
Fµνρ
∂ρa
(∂a)2
(
−
1
2
ǫµνλabcP σa Fσbc + 3P
[µ
s F
νλ]s
)]
+ ∂s
[
FµνρP
ρ
λ
∂sa
(∂a)2
Fµνλ
]
= −∂λ
[
Fµνρ
∂ρa
(∂a)2
(
−
1
2
ǫµνλabcP σa Fσbc + P
λ
s F
µνs
)]
+ ∂s
[
FµνρP
ρ
λ
∂sa
(∂a)2
Fµνλ
]
= ǫµνλabc∂λ
(
Fµνρ
∂ρa
(∂a)2
P saFsbc
)
(4.16)
in which we have used the property : Fµνρ∂
µa∂νa = 0. In the same way
1
2
δ
δa
∫
d6xFµνρP
ν
αQ
ρ
βF
µαβ = −∂λ
[
Fµνρ
∂νa
(∂a)2
Q
ρ
βF
µλβ
]
+ ∂s
[
FµνρP
ν
αQ
ρ
β
∂sa
(∂a)2
Fµαβ
]
= −∂λ
[
Fµνρ
∂νa
(∂a)2
Q
ρ
β
(
−
1
2
ǫµλβabcP σa Fσbc + 3P
[µ
s F
λβ]s
)]
+ ∂s
[
FµνρP
ν
αQ
ρ
β
∂sa
(∂a)2
Fµαβ
]
= −∂λ
[
Fµνρ
∂νa
(∂a)2
Q
ρ
β
(
−
1
2
ǫµλβabcP σa Fσbc + P
λ
s F
βµs
)]
+ ∂s
[
FµνρP
ν
αQ
ρ
β
∂sa
(∂a)2
Fµαβ
]
= ǫµλβabc∂λ
(
Fµνρ
∂νa
(∂a)2
P kaQ
ρ
βFkbc
)
(4.17)
in which we have used the property : Fµνρ∂
µa∂νa = 0 and orthogonality between
different projection operator : P baQ
d
b = 0. In the same way we can follow the above
method and use the orthogonality between different projection operator to derive the
another equation
1
2
δ
δa
∫
d6xFµνρP aµQ
b
νR
c
ρFabc = ǫ
λbcijk∂λ
(
Fµνρ
∂µa
(∂a)2
P tiQ
ν
bR
ρ
cFtjk
)
(4.18)
• Equations 7 ∼ 9 : Through the simple variation we can get following equations
δ
δAαβ
∫
d6xFµνρP σρ Fµνσ = −
δ
δAαβ
∫
d6xFµνρP σρ F˜µνσ +
δ
δAαβ
∫
d6xFµνρP σρ Fµνσ
= −ǫαβµνσλ∂λ
(
FµνρP
ρ
σ
)
− 6∂µ
(
P [βρ F
µα]ρ
)
(4.19)
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In the same we can derive the following equations
δ
δAαβ
∫
d6xFµνρP aνQ
b
σFµab = −ǫ
αβµabλ∂λ
(
FµνσP
ν
aQ
σ
b
)
− 6∂µ
(
P [αν Q
β
ρF
µ]νρ
)
(4.20)
δ
δAαβ
∫
d6xFµνρP aµQ
b
νR
c
ρFµabc = −ǫ
αβabcλ∂λ
(
FµνρP
µ
aQ
ν
bR
ρ
c
)
− 6∂λ
(
P [λµ Q
α
νR
β]
ρ F
µνρ
)
(4.21)
4.3 Existence of Extra Gauge Symmetry
Finally, using above nine equations the variation with respect to the associated action
becomes
δSPSST3+3 =
3
4
ǫαβabcλ
[
∂λ
(
Faνσ(P
ν
b Q
σ
c +Q
ν
bR
σ
c +R
ν
bP
σ
c )− 2FµνρP
µ
aQ
ν
bR
ρ
c
)
δAαβ
−∂β
(
FαstP
[k
b Q
t]
aFkcλ
∂sa
(∂a)2
)
δa− ∂β
(
FαstP
[k
b Q
t]
aFkcλ
∂sb
(∂b)2
)
)
δb
−∂β
(
FαstQ
[k
b R
t]
aFkcλ
∂sb
(∂b)2
)
δb− ∂β
(
FαstQ
[k
b R
t]
aFkcλ
∂sc
(∂c)2
)
)
δc
−∂β
(
FαstR
[k
b P
t]
a Fkcλ
∂sc
(∂c)2
)
δc− ∂β
(
FαstR
[k
b P
t]
a Fkcλ
∂sa
(∂a)2
)
)
δa
+∂α
(
FµνρP
[t
b Q
ν
βR
ρ]
a Ftcλ
∂µa
(∂a)2
)
δa+ ∂α
(
FµνρP
[t
b Q
ν
βR
ρ]
a Ftcλ δb
∂µb
(∂b)2
)
δb
∂α
(
FµνρP
[t
b Q
ν
βR
ρ]
a Ftcλ
∂µc
(∂c)2
)
)
δc
]
(4.22)
which has a desired form.
To proceed, we will mention the most important point found in the investigation
of this paper.
How we can get rid of the unwanted terms, such as ∂µ
(
P [βρ F
µα]ρ
)
, ∂µ
(
P [αν Q
β
ρF
µ]νρ
)
and ∂λ
(
P [λµ Q
α
νR
β]
ρ F
µνρ
)
and finally remain only the terms proportional the ǫαβabcλ in
the above equation ? The key point is that in the LPSST3+3 there is a term F
µνλFµνλ
and, as mentioned before, there are three possible forms in the variation with respect
the Aαβ . Thus, we can adjust the ratio between the three forms and get rid of the
unwanted terms to have a desired form in the above equation.
Now, we go to final step. If we consider the local symmetry
δa = φ, δb = χ, δc = θ (4.23)
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in which φ, χ and θ are arbitrary functions. Then the condition of δSPSST3+3 = 0 shall
give us the solution of δAαβ . Let us now see how to find the δAαβ .
First, from the rotation symmetry in 6 = 3+ 3 we see that there are three possible
form:
δA
(1)
αβ = [φ
∂ra
(∂a)2
+ χ
∂rb
(∂b)2
+ θ
∂rc
(∂c)2
]
Frαβ
δA
(2)
αβ = [φ
∂ra
(∂a)2
+ χ
∂rb
(∂b)2
+ θ
∂rc
(∂c)2
]
Fra[α
(∂aa∂β]a
(∂a)2
+
∂ab∂β]b
(∂b)2
+
∂ac∂β]c
(∂c)2
)
δA
(3)
αβ = [φ
∂ra
(∂a)2
+ χ
∂rb
(∂b)2
+ θ
∂rc
(∂c)2
]
Fabr
(∂aa∂[αa
(∂a)2
+
∂ab∂[αb
(∂b)2
+
∂ac∂[αc
(∂c)2
)
×
(∂ba∂β]a
(∂a)2
+
∂bb∂β]b
(∂b)2
+
∂bc∂β]c
(∂c)2
)
(4.24)
Then, the solution is
δAαβ = 2δA
(1)
αβ + 2δA
(2)
αβ + 2δA
(3)
αβ = 2φ
rY −1rs ∂
γasFabγP
a,PSST
[α Π
b,PSST
β] (4.25)
In the second line we express the solution in PSST notation in which it is defined
P ν,PSSTµ = ∂µa
rY −1rs ∂
νas, (4.26)
Πν,PSSTµ = δ
ν
µ − P
ν,PSST
µ (4.27)
Yrs = ∂ρa
r∂ρas = δrs
(
∂ρa∂
ρa + ∂ρb∂
ρb+ ∂ρc∂
ρc
)
(4.28)
Note that ar are the triplet of auxiliary scalar fields, i.e. a1 = a, a2 = b, a3 = c, and
φ1 = φ, φ2 = χ, φ3 = θ.
Thus the Lagrangian LPSST3+3 has sufficient local symmetry which allows us to gauge
fix the projection operators to becomes the constant matrices
P νµ = diagonal(1, 0, 0, 0, 0, 0) (4.29)
Q νµ = diagonal(0, 1, 0, 0, 0, 0) (4.30)
R νµ = diagonal(0, 0, 1, 0, 0, 0) (4.31)
Π νµ = diagonal(0, 0, 0, 1, 1, 1) (4.32)
In this gauge LPSST3+3 = L3+3 [13].
From0 =
δLPSST
3+3
δAab
we can find the field equation of 2-form field Aab
0 = Faνσ(P
ν
b Q
σ
c +Q
ν
bR
σ
c +R
ν
bP
σ
c )− 2FµνρP
µ
aQ
ν
bR
ρ
c (4.33)
This is the self-duality condition in the covariant form. Because that after the above
gauge-fixing we can get Fabc = F˜abc and Faba˙ = F˜aba˙, which are the self-duality in the
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non-covariant formulation [11].
Note that in 6 = 3 + 3 case δAµν is just a simple linear in field strength Fabc,
contrasts to the case of 6 = 2+4. This is because that in the case of 6 = 2+4 we have
only two auxiliary fields. But in the case of 6 = 3+ 3, as we have three auxiliary fields
the third possible formulation in proving No-Go theorem in previous section cannot be
ruled out. For example Fijk∂
ia∂jb∂kc 6= 0 and we have the third possible form :δA
(3)
αβ .
5 Covariant Lagrangian in General Decomposition
According to above study we have found a systematic way to covariantize the non-
covariant Lagrangian, which is describe in the first subsection. In the following sub-
sections we also find the covariant Lagrangian with more complex decomposition of
spacetime.
5.1 General Scheme to Covariant Lagrangian
First, it is known that the original non-covariant Lagrangian is expressed in terms
of function F˜abcF
abc [11-13]. Therefore, the first step is to express them as FabcF
abc.
In this step there will also appear the term of FµνλF
µνλ. The Lagrangian form can
be easily read from the function form in the original non-covariant Lagrangian. In
the second step we have to define projection operators, P νµ , to render the constrained
index, say “a” into the 6d index “µ”. In the third step we can use the nine equations
derived in section 2.3.2 to show that the covariant Lagrangian has sufficiently local
symmetry which allows us to gauge fix the projection operators to become the constant
matrices. In this gauge the covariant Lagrangian becomes that originally non-covariant
Lagrangian.
5.2 Lagrangian in Decomposition: 6 = 1 + 1 + 4
As a further example, let us see how to covariantize the non-covariant Lagrangian in
decomposition: 6 = 1 + 1 + 4. In this case the spacetime index µ is decomposed as
µ = (1, 2, a˙) and the non-covariant Lagrangian is expressed as [12]
L1+1+4 = −
[
4F˜12a˙(F
12a˙ − F˜ 12a˙) + (1 + θ)
(
F˜1a˙b˙(F
1a˙b˙ − F˜ 1a˙b˙)
)
+ (1− θ)
(
F˜2a˙b˙(F
2a˙b˙ − F˜ 2a˙b˙)
)]
(5.1)
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in which θ is an arbitrary constant. To obtain the covariant form we write L1+1+4 as
L1+1+4 =
2
3
FµνλF
µνλ − 4F12a˙F
12a˙ − (1 + θ)F1a˙b˙F
1a˙b˙ − (1− θ)F2a˙b˙F
2a˙b˙
)
(5.2)
We now introduce two independent projection operators
P αµ =
∂µa∂
αa
(∂a)2
, Q αµ =
∂µb∂
αb
(∂b)2
(5.3)
where a, b are auxiliary fields. Operators P and Q are used to project direction “1”
and “2” respectively.
The covariant Lagrangian we find is described by
LCov1+1+4 ≡ −
[
−
2
3
FµνλF
µνλ + 4Fµνλ · P
µ
αQ
ν
βΠ
λ
γ · F
αβγ + (1 + θ)Fµνλ · P
µ
αΠ
ν
βΠ
λ
γ · F
αβγ
+ (1− θ)Fµνλ ·Q
µ
αΠ
ν
βΠ
λ
γ · F
αβγ
]
= −
[(
−
2
3
FµνλF
µνλ + (1 + θ)Fµνλ · P
λ
γ · F
µνγ + (1− θ)Fµνλ ·Q
λ
γ · F
µνγ
]
= −
[(
(1 + θ)(−
1
3
FµνλF
µνλ + Fµνλ · P
λ
γ · F
µνγ)
+ (1− θ)(−
1
3
FµνλF
µνλ + Fµνλ ·Q
λ
γ · F
µνγ)
]
(5.4)
Above relation looks like as two of that in decomposition 6 = 1 + 5, with scale factor
(1+θ) and (1−θ) before them respectively. The variation with respect to the associated
action gives
δSCov1+1+4 = −
3
8
(1 + θ)
[
ǫαβγµνλ(∂µa)(∂γF¯
(a)
νλ ) δAαβ − ǫ
αβγµνλF¯
(a)
αβ (∂γF¯
(a)
νλ )(∂µa) δa
]
−
3
8
(1− θ)
[
ǫαβγµνλ(∂µb)(∂γF¯
(b)
νλ ) δAαβ − ǫ
αβγµνλF¯
(b)
αβ (∂γF¯
(b)
νλ )(∂µb) δb
]
(5.5)
Thus, as that in the case of 6 = 2 + 4 we can find the following local symmetry
(no summation over the indices α and β)
δa = φ, δb = χ (5.6)
δAαβ =
(1 + θ)F¯
(a)
αβ M
(a)αβφ+ (1− θ)F¯
(b)
αβN
(b)αβχ
(1 + θ)M (a)αβ + (1− θ)N (b)αβ
, (5.7)
It is easy to see that, even if (1 + θ)M (a)αβ + (1 − θ)N (b)αβ = 0 we have the regular
solution
δAαβ = F
(a)
αβ φ− F¯
(b)
αβ χ (5.8)
and the above solution is well definition anytime. Thus, the Lagrangian LCov1+1+4 has
sufficient local symmetry which allows us to gauge fix the projection operators to
becomes the constant matrices. In this gauge LCov1+1+4 = L1+1+4.
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5.3 Lagrangian in Decomposition: 6 = 1 + 2 + 3
Let us see how to covariantize the non-covariant Lagrangian in another decomposition
: 6= 1+2+3. In this case the spacetime index A is decomposed as A = (1, a, a˙), with
a = (2, 3), a˙ = (4, 5, 6) and non-covariant Lagrangian is [12]
L1+2+3 = −[F˜1ab(F
1ab − F˜ 1ab) + F˜aa˙b˙(F
aa˙b˙ − F˜ aa˙b˙) + F˜aba˙(F
aba˙ − F˜ aba˙)]
(5.9)
To obtain the covariant form we write L1+2+3 as
L1+2+3 = −
1
6
FµνλF
µνλ +
1
2
(
F1abF
1ab + Faa˙b˙F
aa˙b˙ + Faba˙F
aba˙
)
(5.10)
We now introduce three independent projection operators
P αµ =
∂µa∂
αa
(∂a)2
, Q αµ =
∂µb∂
αb
(∂b)2
(5.11)
R αµ =
∂µc∂
αc
(∂c)2
, Π αµ = δ
α
µ − P
α
µ −Q
α
µ − R
α
µ (5.12)
where a, b and c are three auxiliary fields. As in the decomposition 6=3+3, the
operators P , Q and R are used to project direction “1”, “2” and “3” respectively.
The Covariant Lagrangian we find is described by
LCov1+2+3 =
1
6
(
− FµνλF
µνλ + 6Fµνλ · P
µ
αQ
ν
βR
λ
γ · F
αβγ + 3Fµνλ · (Q
µ
α +R
µ
α)Π
ν
βΠ
λ
γ · F
αβγ
+6Fµνλ ·Q
µ
αR
ν
βΠ
λ
γ · F
αβγ
=
1
6
(
− FµνλF
µνλ + 3Fµνλ · (Q
λ
γ +R
λ
γ) · F
µνγ − 6Fµνλ · (P
ν
βQ
λ
γ +Q
ν
βR
λ
γ
+RνβP
λ
γ ) · F
µβγ + 12Fµνλ · P
µ
αQ
ν
βR
λ
γ · F
αβγ
)
(5.13)
Using the nine equations derived in section 2.3.2 we can quickly find that the variation
with respect to the associated action becomes
δSC0v1+2+3 =
1
3
ǫαβabcλ
[
6∂λ
(
Faνσ(P
ν
b Q
σ
c +Q
ν
bR
σ
c +R
ν
bP
σ
c )− 12FµνρP
µ
aQ
ν
bR
ρ
c
−3Fµab(Q
µ
c +R
µ
c )
)
δAαβ + 3∂β
(
FαsaQ
k
bFkcλδb
∂sb
(∂b)2
)
+3∂β
(
FαsaR
k
bFkcλδc
∂sc
(∂c)2
)
−6∂β
(
FαstP
[k
b Q
t]
aFkcλ(δa
∂sa
(∂a)2
+ δb
∂sb
(∂b)2
)
)
−6∂β
(
FαstQ
[k
b R
t]
aFkcλ(δb
∂sb
(∂b)2
+ δc
∂sc
(∂c)2
)
)
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−6∂β
(
FαstR
[k
b P
t]
a Fkcλ(δc
∂sc
(∂c)2
+ δa
∂sa
(∂a)2
)
)
+12∂α
(
FµνρP
[t
b Q
ν
βR
ρ]
a Ftcλ(δa
∂µa
(∂a)2
+ δb
∂µb
(∂b)2
+ δc
∂µc
(∂c)2
)
)]
(5.14)
which has a desired form.
Now, as before, we can find a local symmetry with δa = φ, δb = χ, δc = θ, and
proper form of δAαβ which can be easily read from above equation, as in the case of
6=3+3. The existence of extra gauge symmetries allow us to gauge fix the auxiliary
fields therein and previous non-covariant formulations are reproduced.
Finally we note that in the decomposition of spacetime into 6 = 1 + 1 + 4 [12]
we need two auxiliary fields. In the decomposition of spacetime into 6 = 1 + 2 + 3
we need three auxiliary fields while that in the decomposition 6 = 2 + 2 + 2 we need
four auxiliary fields. In the general decomposition [13] we need five auxiliary fields.
More analysis follow the above prescription can show that the covariant Lagrangian so
obtain becomes the original non-covariant Lagrangian after using the local symmetry
therein to gauge fix the projection operators to becomes the constant matrices. The
proof of the existence of the local symmetry is easy with the help of the nine equations
derived in section 2.3.2.
6 Conclusion
In this paper we first review the PST covariant Lagrangian [6,7], which essentially is
to covariantize the non-covariant Lagrangian in the decomposition of spacetime into
6 = 1 + 5. Then, we follow the PST method and present a straightforward method
to covariantize the non-covariant Lagrangian in the decomposition of spacetime into
6 = 2 + 4 and the BLG-motivated non-covariant Lagrangian in the decomposition of
spacetime into 6 = 3 + 3. We have derived the basic formulas which enable us to
prove the existence of the local symmetry. Using the symmetry we can gauge fix the
projection operators to becomes the constant matrices and the original non-covariant
Lagrangian is restored. We have proved a no-go theorem that in the decomposition of
6 = 2+ 4, the extra local symmetry of the gauge field cannot be expressed as a simple
linear form in the field strength, contrasts to the previous two cases.
Our method can be used to find the covariant Lagrangian associated to the gener-
ally non-covariant self-dual gauge field. As an example we also discuss the Lagrangian
with the decomposition of spacetime into 6 = 1 + 1 + 4 [12]. It is hoped that the
covariantization method of straightforwardly extending from PST formulation in this
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paper can be applied to general systems.
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APPENDIX
A Three Basic Relations
ǫabcdefPwd Fwef =
1
6
ǫabcdef ǫwefijkP
w
d F
ijk = −
1
3
ǫabcdǫwijkP
w
d F
ijk
= −
1
3
δ
[abcd]
[wijk]P
w
d F
ijk = −2Fabc + 6P
[a
µ F
bc]µ (A.1)
ǫabcdefPwd Q
s
eFwsf =
1
6
ǫabcdef ǫwsfijkP
w
d Q
s
eF
ijk
= −
1
6
δ
[abcde]
[wsijk]P
w
d Q
s
eF
ijk
= −Fabc + 3P [aµ F
bc]µ + 3Q[aµF
bc]µ − 6P [aµ Q
b
νF
c]µν (A.2)
ǫabcdefPwd Q
s
eR
t
fFwst =
1
6
ǫabcdef ǫwstijkP
w
d Q
s
eR
t
fF
ijk
=
1
6
δ
[abcdef ]
[wstijk]P
w
d Q
s
eR
t
fF
ijk
= −Fabc + 3P [aµ F
bc]µ + 3Q[aµF
bc]µ + 3R[aµF
bc]µ
−6P [aµ Q
b
νF
c]µν − 6Q[aµR
b
νF
c]µν − 6R[aµ P
b
νF
c]µν
+6P [aµ Q
b
νR
c]
λF
µνλ (A.3)
To obtain above equations we have used the orthogonal condition between the projec-
tion operator, i.e P baQ
c
b = Q
b
aR
c
b = R
b
aP
c
b = 0.
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